Abstract: This paper presents an analytical solution for nonlinear free and forced vibration response of smart laminated nano-composite beams resting on nonlinear elastic foundation and under external harmonic excitation. The structure is under a temperature change and an electric excitation through the piezoelectric layers. Different distribution patterns of the single walled aligned and straight carbon nanotubes (SWCNTs) through the thickness of the beam are considered. The beam complies with Euler-Bernoulli beam theory and von Kármán geometric nonlinearity. The nonlinearity is due to the mid-plane stretching of the beam and the nonlinear stiffness of the elastic foundation. The Multiple Time Scales perturbation scheme is used to perform the nonlinear dynamical analysis of functionally graded carbon nanotube-reinforced beams. Analytical expressions of the nonlinear natural frequencies, nonlinear dynamic response and frequency response of the system in the case of primary resonance have been presented. The effects of different parameters including applied voltage, temperature change, beam geometry, the volume fraction and distribution pattern of the carbon nanotubes on the nonlinear natural frequencies and frequency-response curves are presented. It is found that the volume fractions of SWCNTs as well as their distribution pattern significantly change the behavior of the system.
Introduction
Over the past few decades, the applications of nanocomposites have been spread over a wide variety of areas and disciplines. Nanocomposite technologies represent innovative and powerful tools for production of high-efficiency devices with modern properties. Among a lot of nanostructures, carbon nanotubes (CNTs), due to their perfect mechanical and electrical properties [1] , are extremely used in biological and biomedical applications.
In recent years researchers have investigated the vibration behavior of the beam type structures made of functionally graded materials and nanocomposites. Hosseini et al. [2] studied large amplitude free and forced oscillations of functionally graded beams. An analytical study on the nonlinear vibration of functionally graded beams has been done by Liang Ke et al. [3] . Rafiee et al. [4, 5] investigated the large amplitude free vibration and postbuckling of functionally graded carbon nanotube reinforced composite (CNTRC) beams with surface-bonded piezoelectric layers. Heshmati and Yas [6, 7] studied the vibrations and dynamic response of non-uniform functionally graded CNT reinforced nanocomposite beams under the action of moving load. Long et al. [8] worked on a vibrational formulation for dynamic analysis of composite laminated beams based on a general higher-order shear deformation theory. Furthermore, the analysis of free vibrations and buckling analysis of carbon nanotube-reinforced composite Timoshenko beams resting on elastic foundation was presented by Yas and Samadi [9] . The effect of nonlinear elastic foundation on large amplitude free and forced vibration of functionally graded beam has been studied by Kanani et al. [10] . Shen and Xiang [11] studied the nonlinear analysis of nanotube-reinforced composite beams resting on elastic foundations in thermal environments. Boyaci [12] worked on vibrations of stretched damped beams under non-ideal boundary conditions. Kamali Eigoli and Ahmadian [13] also studied the nonlinear vibration of beams under non-ideal boundary conditions. Ke and Yang [14] analyzed the nonlinear free vi-bration of functionally graded CNT-reinforced composite beams. Theoretical development and closed-form solution of nonlinear vibrations of a directly excited nanotubereinforced composite cantilever beam was also studied by Mahmoodi et al. [15] . Rafiee et al. presented an investigation for primary resonance phenomena of elastic medium based carbon nanotubes [16] . Shen and Xiang [17] investigated the nonlinear vibration of nanotube-reinforced composite cylindrical shells in thermal environments. The free vibrations of free-form doubly-curved shells made of functionally graded materials has also been studied by Tornabene et al. [18] by using higher-order equivalent single layer theories. Rafiee et al. [19] conducted a study for modeling and stress analysis of smart CNTs/fiber/polymer multi-scale composite plates.
In addition, in the area of linear and nonlinear vibration analysis of functionally graded material (FGM) beams, several research works have been presented (e.g. [20] [21] [22] [23] [24] ). Hosseini Hashemi and Nazemnezhad [25] presented an analytical study on the nonlinear free vibration of functionally graded nano-beams with considering the surface effects.
Piezoelectric materials are capable to be used either as sensors or actuators and received extensive attentions during past decades. Nonlinear free vibrations of viscoelastic microcantilevers covered with a piezoelectric layer were studied analytically by Shooshtari et al. [26] . Mahmoodi and Jalili [27] examined the nonlinear vibrations and frequency response analysis of piezoelectrically driven microcantilevers. Furthermore, the nonlinear-flexural response of piezoelectrically-driven microcantilever sensors was presented by Mahmoodi et al. [28] . Rafiee et al. [29, 30] investigated the nonlinear free and forced thermo-electroaero-elastic vibration of piezoelectric functionally graded laminated composite shells. Hadjiloizi et al. [31, 32] studied the analysis of Smart Piezo-Magneto-Thermo-Elastic Composite and Reinforced Plates. Geometrically nonlinear free vibration of shear deformable piezoelectric carbon nanotube/fiber/polymer multiscale laminated composite plates studied by Rafiee and his co-workers [33] . In another study, they performed the non-linear dynamic stability of piezoelectric functionally graded carbon nanotubereinforced composite plates with initial geometric imperfection [34] . Hariri et al. [35] presented a two dimensions modeling of non-collocated piezoelectric patches bonded on thin structure. Tornabene et al. [36] worked on the stress and strain recovery for functionally graded free-form and doubly-curved sandwich shells by using the higher-order equivalent single layer theory. Nonlinear analysis of buckling, free vibration and dynamic stability for the piezoelectric functionally graded beams in thermal environment was performed by Fu et al. [37] . Rafiee et al. [38] also worked on nonlinear analysis of piezoelectric nanocomposite energy harvesting plates. Fantuzzi and Tornabene [39, 40] presented a strong formulation of finite element method for arbitrarily shaped plates. Viola et al. [41] studied the vibration analysis of multi-stepped and multi damaged parabolic arches.
Forced vibrations in terms of harmonic external excitation is of a great importance as it raises in the practical field, as structures, machines and other engineering applications, exhibits this mode of vibrations, which may cause a serious damage of the system. The definition of the steady-state response to harmonic excitations over a given frequency range furnishes important information about the dynamic behavior of a structure [16, 23, 46] . In addition, the use of elastic foundation is very common in engineering applications and the linear one, often, does not describe well the real practical conditions, a foundation with the linear and nonlinear Winkler (normal) parameters and the linear Pasternak (shear) parameter is employed here. Although, there are a few studies on the nonlinear free vibration of functionally graded CNTreinforced composite beams, to the best of the present author's knowledge, studies on forced vibration of CNTreinforced composite beams have not been reported yet.
So far, no previous work regarding the nonlinear free and forced vibration of CNT-reinforced composite beams integrated with piezoelectric layers resting on nonlinear elastic foundation has been conducted and reported in open literature.
A theoretical analysis has been conducted in this paper to study the nonlinear free and forced vibration of CNTreinforced composite beams integrated with piezoelectric layers resting on nonlinear elastic foundation. Different functionally graded distribution patterns of carbon nanotubes (CNTs) in thickness direction of the beam are considered in this study. Employing Galerkin method, the governing equation of motion is reduced to a second order nonlinear ordinary differential equation in time with cubic nonlinear term and is derived based on both of the Euler-Bernoulli beam theory and von Kármán geometric nonlinearity. The boundary condition of the beam is simply supported at both ends. By using the Multiple Time Scales method, the nonlinear response of the piezoelectric CNTRC beam to an applied electric load, a uniform temperature change, and an external mechanical loading are obtained. Then the frequency-response curves in the primary resonance case are obtained and plotted. Also, the effects of various design parameters including beam geometry, temperature change, applied voltage, linear, shear and nonlinear component of elastic foundation, carbon nan-otube volume fraction and distribution pattern on the natural frequencies and frequency-response curves are studied in detail.
Mathematical modeling and formulation
A composite beam is considered with two piezoelectric actuator layers bonded symmetrically on its top and bottom surfaces, as shown in Fig. 1 . The beam is resting on a nonlinear elastic foundation, which contains cubic nonlinearity with a shearing layer. The beam has thickness t h , and length l, while the thickness of the piezoelectric layers is tp. Also, it is assumed that the total thickness of the beam is t T and the length and width of the piezoelectric layers are the same as the composite host. The SWCNT reinforcement can be either uniformly distributed (UD) or functionally graded (FG) through thickness of the beam, which are in the forms of FG-Λ, FG-V, FG-O and FG-X as illustrated in The nanocomposite host is made of a combination of isotropic matrix and graded-distributed SWCNTs in thickness direction. Due to high-temperature environmental conditions of CNTRCs and temperature-dependent properties of many constituent materials, the study of effects of temperature variation on response of the system is of great importance. The beam is initially stress-free at T 0 (in Kelvin) and is under a temperature variation ∆T = T-T 0 and an applied voltage V. Also, the constituent materials are taken to be linear and elastic in z direction.
The most applicable models of homogenization for estimating the effective properties of the two-phase nanocomposites are Mori-Tanaka [42] and rule of mixture [42, 43] schemes. In present study, the material properties are supposed to vary in accordance with the modified rule of mixture by introducing the CNT efficiency parameters. The effective material properties of the CNTRC beam can thus be predicted by [4, 5] :
where E In order for consideration of size dependency of carbon nanotubes, the CNT efficiency parameters i.e. j (j = 1, 2, 3) are presented [4] . The uniform and four functionally graded distributions of the carbon nanotubes through the thickness direction are listed in Table 1 . where,
and ξ CN is the mass fraction of the SWCNTs, ρ CN and ρm are the mass densities of the carbon nanotube and matrix, respectively. The thermal expansion coefficient is given by
where θ CN 11 and θ m denotes thermal expansion coefficients of the carbon nanotube and matrix, respectively. Poisson's ratio and mass density can be calculated by
where ν CN 12 and ν m are Poisson's ratios of carbon nanotube and matrix, respectively. As the material properties of nanotube and matrix are temperature-dependent, so that the effective material properties of CNTRCs, namely Young's modulus, shear modulus and thermal expansion coefficients, are functions of temperature and position. Volume fraction of the carbon nanotubes Distribution pattern of functionally graded CNTs
Taking into account the temperature-independency of the piezoelectric material, C 11 , θp are introduced to represent the reduced elastic constant and thermal expansion coefficient, respectively. The Young's modulus, thermal expansion coefficient, density and Poisson's ratio of upper and lower piezoelectric layers are C 11 , θp, ρp and νp, respectively. The corresponding properties for CNTR beam are E 11 , θ h , ρ h and ν h , respectively. The subscripts h and p refer to the host CNTRC beam and the piezoelectric layer, respectively. Here, the density ρ h and Poisson's ratios ν h are considered temperature-independent.
Since the large deflection of the beam is considered in this study, the von Kármán type nonlinear straindisplacement relationship is employed as [5, 44] ,
where, z 0 represents the position of physical neutral surface [4, 5] and it defined as z 0 = ∫︀ tT /2 −tT /2 zE 11 dz/ ∫︀ tT /2 −tT /2 E 11 dz. Remind that the notation ", i "denotes the derivative with respect to i.
The force and moment per unit length of the beam, according to the Euler-Bernoulli beam theory, are [4, 5] :
where, E, θ, ρ, and ν are elastic modulus, thermal expansion coefficient, density, and Poisson's ratio of the beam, respectively. Ez is the electric field intensity. A 11 , B 11 and D 11 in above equations are the stretching stiffness, stretching-bending coupling stiffness and bending stiffness coefficients, respectively, which are
It should be noted that by introducing physical neutral surface no stretching-bending coupling would be existed (i.e. B 11 = 0).
Considering the axial inertia and rotational inertia terms negligible in compared with transverse inertia [16, 22, 23] , after some manipulation and simplification, the governing equation of motion for nonlinear forced vibration of a functionally graded CNTRC beam can be expressed as [4, 5] .
where I 1 is the beam inertia, Q is the external loading function on the beam, and Fis the reaction of the nonlinear elastic foundation per unit area in the following form.
where, S l , S nl , and Ss are stiffness of linear, nonlinear, and shearing parts, respectively. For convenience, the following non-dimensional variables are introduced
A 110 and I 10 are the values of A 11 and I 1 for a homogeneous polymeric beam host. Substituting Eqs. 9 and 10 into Eq. 8 and dropping the hat sign from w, the nondimensional equation of motion is obtained aŝ
Linear and nonlinear free vibration
The non-dimensional equation of motion for the linear free vibration is obtained by removing the nonlinear terms as followŝ
The transverse displacement of the beam is expressed as
where φn is the nth linear mode shape of the beam and qn the amplitude of vibration of the corresponding mode. Considering the first mode yields
where ω 0 = ω L l √︀ I 10 /A 110 is the dimensionless linear natural frequency and ω L is the linear natural frequency. The boundary condition considered here is hinged-hinged. So
Considering hinged-hinged boundary condition and introducing Eq. 14 into Eq. 12 and solving the resulting equation, the first mode shape is obtained as
where, a 1 is to be determined from boundary conditions. After applying the simply supported boundary condition, the linear mode shapes are obtained as
where
For nonlinear vibration analysis, the transverse displacement is represented by
where q(τ) is the time dependent function to be determined and φ(α) is the linear fundamental vibration mode shape. Introducing w(α, τ) into Eq. 11 and applying the Galerkin's procedure lead to an ordinary differential equation (ODE) in terms of an unknown time function q(τ) [4, 5, 16, 19] q
where a super dot denotes second differentiation with respect to time, and
Remember that δa = ω 2 0 . The values of δa and δ b for different piezoelectric nanocomposite beams can be found in [4] .
The initial conditions of the structure are
Eq. 22 leads to the following non-dimensional initial conditions
Different numerical, semi-numerical and approximate methods can be used for solving Eq. 20. In this paper, since there is no closed form solution, the Multiple Time Scales method [45] [46] [47] is employed to obtain the approximate solution. For the sake of simplicity, Eq. 20 is rewritten in the following formq
where a new timeτ = √ δaτ is defined. The parameter δc is given by
After some calculation, the relation expressing the nonlinear natural frequency of the system can be presented by [45] 
where ε is a small positive parameter. Finally, the single term approximation solution of Eq. 20 is
where, ϕ 0 is the initial phase angle and can be obtained from initial condition.
Forced vibration
In this section, the nonlinear forced vibration of the system in the case of primary resonance will be present. It is assumed that the excitation is applied to the structure using an external transverse mechanical load. The dimensionless external excitation,Q(α, τ) for the case of uniformly distributed loading can be expressed aŝ
where, Ω is the frequency of the external excitation and Q 0 is the load amplitude.
In the forced vibration analysis, the governing equation of motion is expressed as
For the case of primary resonance, Ω must be as close as possible to ω 0 . Thus,
where σ is detuning parameter and shows the nearness of Ω to ω 0 . The solution in terms of different time scales is expressed as [16, 22, 23] q(τ; ε) = q 0 (T 0 , T 1 ) + εq 1 (T 0 , T 1 ) + . . .
where T 0 and T 1 are the time scales and in the form of Tn = ε n t. In the case of primary resonance, the perturbed form of governing equation of motion is taken as
Substituting Eq. 31 into Eq. 32 and equating the coefficients of ε 0 , ε 1 and on both sides, yields
The solution of Eq. 33 can be given in the following form
where Z is an unknown complex function of T 1 and cc represents the complex conjugate of the preceding terms. Substituting Eq. 35 into Eq. 34 and recognizing the solvability conditions, the following equation is obtained.
Taking Z in polar form as
and introducing it into Eq. 36 and separating the result into real and imaginary components yields
where, ψ = σT 1 − P Introducing ψ to Eqs. 38 and 39 leads to
The point which a ′ = 0 and ψ ′ = 0 represents the steady-state motion of system. By squaring and adding the resulting equations, the frequency-response equation are obtained
Numerical Results and Discussion
In this section, the results of free and forced vibration of nanopiezo-laminated beams in the case of primary resonance with the physical properties listed in Tables 2 -4 are presented. The matrix material is considered to be PmPV and the armchair (10,10) SWCNTs are selected as reinforcements [4] . The dimensionless linear frequency ω 0 = ω L L √︀ I 10 /A 110 for an isotropic beams (l/t T = 100, υ = 0.19, T = 300 K, t h = 100 mm, ρ = 1190 kg/m 3 , E = 2.5 Gpa)
are calculated and compared in Table 5 with the EulerBernoulli beam theory results by Ece [48] . Clearly, our results match very well with the results of Ece [48] . Table 6 shows the effect of applied voltage (N P s0 ) on the natural fundamental frequency of CNTRC piezoelectric beams (tp/t h = 1/8,V CN = 0.12, l/t T = 100, t h = 100 mm, T = 300 K). The positive voltage decreases the dimensionless natural frequency of the CNTRC piezoelectric beams (ω 0 ), and the negative voltage increases the beam's dimensionless natural frequency, which is coincident with the fact that axial compressive and tensile force would be generated in the beam by the positive and negative voltage, respectively. Comparing with the thermal load, the electric load has no pronounced effect on the fundamental frequency, which could be predicted from the formulation by the truth that the value of piezoelectric strain constant d 31 is much smaller than the thermal expansion coefficient θ. At the same time, the thickness difference between the piezoelectric layers and CNTRC layer is another factor. Effects of temperature change (T = 300 and 310 K) and CNT volume fractionV CN = (0.12, 0.17, 0.28) on the natural fundamental frequency of hinged-hinged CNTRC piezoelectric beams (tp/t h = 1/20, l/t T = 25, t h = 8 mm) are presented in Table 7 . It can be seen that the natural frequency of the CNTRC piezoelectric beams decreases with increase in temperature rise, but increases with increase in the CNT volume fractionV CN . This is due to the fact that containing more CNTs leads to stiffer and stronger structure than a lesser one. It is noticeable that the natural fundamental frequency of FG-O CNTRC beams are smaller than that of UD-CNTRC beams while those of FG-X CNTRC beams are higher though these three types of beams have the same mass fraction of the CNT. This is because that the form of distribution of reinforcements can affect the stiffness of beams and it is thus expected that the desired stiffness can be achieved by adjusting the distribution of CNTs along the thickness direction of beams. It is concluded that reinforcements distributed close to top and bottom are more efficient than those distributed nearby the mid-plane for increasing the stiffness of beams. It should be noted that at a sufficiently large compressive thermal load, natural frequency becomes zero and the beam transversely buckles. Table 8 depicts the effects of piezoelectric to CNTRC thickness ratio (tp/t h ) on the linear natural fundamental frequency for CNTRC piezoelectric beams for different CNT distribution patterns. The thickness of the host CN-TRC kept constant and piezoelectric thickness changed accordingly. It can be seen that the natural fundamental frequency for CNTRC piezoelectric beams associated with the higher piezoelectric to host thickness ratio (tp/th) is lower than those for lower one. Table 9 reveals the effects of elastic foundation on the nonlinear frequency ratioω NL /ω 0 of the hinged-hinged FGX-CNTRC beams with piezoelectric layers. It is found that adding a foundation with shearing parameter causes the nonlinear to linear frequency ratio to decrease. However, the nonlinear elastic foundation makes the structure possess a higher nonlinear to linear frequency ratio. Fig. 3 illustrates the influence of different distribution patterns of carbon nanotubes, namely UD, FGV, FGK, FGO and FGX, on nonlinear to linear frequency ratio versus dimensionless maximum initial deflection, qmax, for hinged-hinged piezoelectric CNTRC beams. The nonlinear Table 9 : Effects of elastic foundation on the nonlinear frequency ratioω NL /ω 0 of the hinged-hinged FGX-CNTRC beams with piezoelectric layers (tp /t h =1/20,V CN =0.12, l/t T =100, t h =100 mm, T=300 K).
(S l , Ss, S nl )×10 frequency grows as the initial deflection increases. In addition, it is found that for a given initial condition, FGO and FGX distribution patterns present the highest and lowest nonlinear frequency ratios. The effect of temperature variations on the nonlinear to linear frequency ratio versus the dimensionless maximum initial deflection is presented in Fig. 5 . For a given initial condition, as temperature rises from 300 K to 330 K, the nonlinear frequency ratio increases significantly. The amplitude of vibration with respect to the amplitude of excitation for different parameters is illustrated in Fig. 6 -8. Fig. 6 shows the amplitude of vibration as a function of the amplitude of excitation for various SWCNT distribution patterns of hinged-hinged piezoelectric CNTRC beams. As can be seen, FGX distribution pattern represents more hardening behavior and stable response than the other patterns. Fig. 7 represents the influence of variation of volume fraction of carbon nanotubes on the amplitude of vibration versus the amplitude of excitation. As expected, as the carbon nanotubes volume fraction increases, the hardening property of the structure increases. In simple words, for a given amplitude of excitation, the higher volume fraction, the stiffer structure.
The influence of temperature variation on the amplitude of vibration versus the amplitude of excitation is shown in Fig. 8 . As temperature decreases, the system is stiffer and the response of the system is more stable. The frequency-response curves for different parameters are illustrated in Fig. 9 through Fig. 11. Fig. 9 shows the effect of different distribution pattern of carbon nanotubes on frequency-response curve of the hinged-hinged piezoelectric CNTRC beams. The beams with FGX and FGO distribu- tion pattern present the strongest and the weakest hardening behaviors, respectively.
The effect of SWCNT volume fraction on the frequency response of hinged-hinged piezoelectric FGX-CNTRC beams is investigated in Fig. 10 . As the volume fraction of carbon nantotubes increases, the curves bend more away to the right; i. e. the hardening property of the CN-TRC beam is enhanced. Fig. 11 shows the effect of temperature variations on the amplitude-frequency response of the hinged-hinged piezoelectric CNTRC beams. As can be observed, the structure presents more hardening response for higher temperatures. 
Concluding remarks
The linear and nonlinear free and forced vibrations of nano-piezo laminated beams covered with two piezoelectric layers and resting on nonlinear elastic foundation were investigated. The structure was under a temperature variation, an electric excitation, and an external mechanical loading. In addition, different distribution patterns of the carbon nanotubes through the thickness of the beam were considered. The effects of different parameters including applied voltage, temperature change, beam geometry, the volume fraction and distribution pattern of the carbon nanotubes on the response of the system in free vibration and resonance domain were analyzed. It was found that the negative applied voltage, increase the linear and nonlinear fundamental natural frequency increase. Also, it can be concluded that FGX and FGO distribution patterns possess the lowest and highest nonlinear frequency ratios in free vibration domain, and for the resonance domain the beam with FGX and FGO distribution pattern has the strongest and the weakest hardening behavior, respectively. It is also found that adding a foundation with shearing parameter causes the nonlinear to linear frequency ratio to decrease. However, the nonlinear elastic foundation makes the structure possess a higher nonlinear to linear frequency ratio. Additionally, increasing the carbon nanotubes volume fraction, and decreasing temperature cause the system to be exhibit a stiffer behavior.
